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SIEVE METHODS IN GROUP THEORY I:
POWERS IN LINEAR GROUPS

ALEXANDER LUBOTZKY AND CHEN MEIRI

ABSTRACT. A general sieve method for groups is formulated. It enables one to
“measure” subsets of a finitely generated group. As an application we show that
if " is a finitely generated non virtually-solvable linear group of characteristic zero
then the set of proper powers in I' is exponentially small. This is a far reaching
strengthening of the main result of [HKLS].

1. INTRODUCTION

The sieve method is a classic one in number theory (see, for example, [FI]). Re-
cently it found some applications in non-commutative setting. On the one hand,
Bourgain-Gumburd-Sarnak [BGSI] applied it in studying almost-prime vectors in
orbits of non-commutative groups acting on Z". On the other hand, Rivin |Ri] and
Kowalski [Ko| used it to study generic properties of elements in the mapping class
group and arithmetic groups. Our formulation of the sieve method generalizes and
simplifies the second one and usually falls under the name ‘Large Sieve’. The goal
of this introduction is to state the general large sieve setting with respect to group
theory and to serve as a guideline for the proof of Theorem A below. We start by
describing the algebraic problem and its background. After that, we explain how
random walks and sieve methods are used in its solution.

A wvirtually nilpotent group is a group which contains a nilpotent subgroup of finite
index. Mal’cev proved:

Theorem 1.1 (Mal’cev [Mal]). Let " be a finitely generated virtually nilpotent group.
Then, for every m > 1 the set of m-powers I'™ := {¢g™ | g € I'} contains a finite
index subgroup of T'.

The converse is not true, even not for finitely generated groups: For every prime
p, Golod and Shafarevich built a finitely generated residually finite infinite group
[' such that the order of every element of I' is a power of p. In particular, if m is
coprime to p then any element of I' is an m-power.

Yet, in [HKLS] two kinds of partial converse results were proved:

Theorem 1.2 (Hrushovski-Kropholler-Lubotzky-Shalev [HKLS|). Let I' be a virtu-
ally solvable group. If n > 2 and U}, _,I'™ contains a finite index subgroup of I' then
[' is virtually nilpotent. On the other hand, there exists a solvable group T which is
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not virtually nilpotent and still there exists m > 2 such that I contains a coset of
a finite index subgroup.

Theorem 1.3 (Hrushovski-Kropholler-Lubotzky-Shalev [HKLS]). Let I' be a finitely
generated linear group. If n > 2 and finitely many tessellates of Ul _,I"™ cover I
then I' is virtually solvable.

The formulation of the second theorem of [HKLS| suggests a stronger result, i.e.
does the fact that finitely many tessellates of the set of all proper powers Uo_,I'
cover I imply that T" is virtually solvable? But the methods of [HKLS| are not
suitable for handling all proper powers together. The reason is that the proof uses
only local data of I, i.e., the images of U}, _,I" in finite quotients of I', and it is
clear that the image of US®_,I"™ in such a quotient is the full quotient group (take
m to be coprime to the size of the finite quotient). Thus, to extend the theorem to
the case of all proper powers one need to combine the local data with some global
data on the group and its elements. A way to do this is to use random walks as we
shell explain below.

A finite subset ¥ of I is called admissible if it is symmetric, i.e ¥ = X7, and
the Cayley graph Cay(I',X) is not bi-partite. Let ¥ be an admissible generating
subset of I'. Random walks on Cay(I', ¥) can be used to ‘measure’ a subset Z C I
by estimating the probability Proby(wy, € Z) that the k*B-step of a random walk
belongs to Z for larger and larger values of k’s. We say that Z is exponentially small
with respect to ¥ if there exist constants ¢, a > 0 such that Probs(wy, € Z) < ce™2*
for all K € N. The set Z is called exponentially small if it is exponentially small with
respect to all admissible generating subsets. It is not hard to see that if a subset is
exponentially small then finitely many tessellates of it cannot cover I'. Thus, our

first theorem is the desired extension:

Theorem A. Let T be a finitely generated subgroup of GL,,(C) which is not virtually-

solvable. Then the set of proper powers UQF’” 15 exponentially small in T
m=

Despite of Theorem [I.3] Theorem A is somewhat surprising: The set Up_,I"™ is
dense in the profinite topology of I' (as explained above) and still it is exponentially
small.

A reduction process, given in subsection [5.1] shows that it is enough to prove
the claim for a finitely generated subgroup I' of GL,(Q) whose Zariski-closure is
semisimple. In order to avoid the technical difficulties we will focus for now on the
case where I is a Zariski-dense subgroup of SL,,(Q). Fix such a subgroup I' and some
admissible generating subset ¥. For k € N only the elements of I which belong to
the ball of radius k, Bs(k), can occur as the k*-step of a random walk on Cay(T, 3).
As in [LMR], we use in Lemma[f.3]arguments involving matrices norms and number
theory to show that if k is large enough and g € By (k) is a proper power then g
is either virtually-unipotent (i.e. some positive power of ¢ is unipotent) or g is an
m-power for some 2 < m < k? (in fact, for some 2 < m < ck where c is a constant
depending on ¥).
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The advantage in considering random walks is now clear. By considering only
proper powers which can occur at the k*-step of a random walk we only have to
look at virtually-unipotent elements and at finitely many powers. Thus, we can
divide the proof into two parts, each of them can be proven by looking at the finite
quotients.

The first part is to show that the set of all virtually unipotent elements (not
necessarily proper powers) is exponentially small. Proposition shows that if
V(C) is a proper subvariety of SL,,(C) defined over Q then V(C)NTI is exponentially
small. In turn, Corollary implies that the set of virtually unipotent elements of
[ is contained in a proper subvariety of SL,(C) defined over Q.

The second part is to find positive constants v and r such that for every k > r
and every 2 < m < k? we have Probs(wy € I'™) < e~ "%, Indeed, if such constants
exist and « is a positive constant strictly smaller the v then for large enough &

Proby (wy, € Ugcppep2I™) < ke "k < ek,

However, for every m > 1 the set of m-powers is Zariski-dense in SL,(C) so we can
not use the same argument as for the first part. This brings us to the large sieve
method. Corollary [3.3|gives the general quantitative statement of this method while
Theorem B stated below is an easy consequence which is suitable for now,

Theorem B. Let ' be a group generated by a finite symmetric set ¥ for which
Cay (L', X) is not bi-partite. Let (N;);>2 be a family of normal finite index subgroups.
Let Z C T and assume that:

1. T has property-t w.r.t to the family {N; "N, | 1,7 > 2}.

2. The sequence (|I'/Nj|)j>2 grows polynomially in j.

3. [T/N; N N;| = |T'/N;||T'/N;,| for distinct i and j.

4. There exists ¢ > 0 such that |ZN;/N;| < (1 —¢)|L'/N;| for every j > 2.
Then there are positive constants v and r depending only on X, ¢ and the growth of
(IT/Nj|)js2 such that Probsg(wy, € Z) < % for every k > r. In particular, Z is
exponentially small.

Returning to our case, I' is a Zariski-dense subgroup of SL,(Z). Fix m > 2 and
define Z,, to be the set of m-powers. We start by verifying the conditions of Theorem
B in order to bound Proby(wy, € Z,,). For every prime p define M, := ker 7, where
mp 1 I' = SL,(Z/pZ) is the modulo-p homomorphism. Let P be the set of primes.
Then, I' has property-7 w.r.t to the family {M, "M, | p,q € P} by the recent result
of Salehi-Golsefidy and Varju [SGV]. In fact, for our special case the work Varju [Val
is enough. The Strong Approximation Theorem of Wiesfeiler [We| and Nori [Noj
implies that if p and ¢ are distinct large enough primes then ,,(I') = SL,,(Z/pqZ).
Recall that SL,(Z/pqZ) is isomorphic to SL,(Z/pZ) x SL,,(Z/pZ) so |I'/M,NM,| =
\I'/M,,||T'/M,| for distinct large enough primes p and ¢. Lemma shows that

if p is a prime which belongs to the sequence (1 + mi);>; where s := 3(;) then
170(Zm)| < (1= g) |mp(D)], so we can take ¢ := Z5. Let (p;)i>2 be an ascending

enumeration of the large enough primes which belong to the sequence (14mi);>s and



4 ALEXANDER LUBOTZKY AND CHEN MEIRI

define N; := kerm,,. Then, I' has property-7 w.r.t to the family {N; N N; | i,j > 2}
and |ZN;/N;| < (1 —¢)|I'/N;| for every j > 2. The last condition left to verify
is that (|JI'/N;|)j>2 grows polynomially. Since |I'/N;| < p?Q the question about the
growth of (|I'/N;|);>2 translates to a question about the density of the primes in
the sequence (1 + mi);>s. We use a quantitative version of Dirichlet’s Theorem
about primes in arithmetic progression (see Theorem [3.4] and Corollary [3.5] below)
to estimate this density and to show that (|I'/N;|);>2 grows polynomially. Thus
all the conditions of Theorem B hold and there are positive constants v and r for
which Probg(wy € Z,,) < e~ for every k > r. In fact, a more detailed study of
the growth of (|I'/N;|);>2 shows that the v and r are independent of m provided
m < k?. The (sketch of the) proof of the special case is now complete.

The main difficulty in the proof of the general case lies in proving the existence
of the constant ¢ needed in Theorem B. This requires a delicate analysis of the au-
tomorphism groups of almost simple groups. We dedicate Section [6] to this analysis,

which though quite technical, might be of interest on its on. A non-quantitative
version of main theorem of Section [6] (Theorem [6.16)) is:

Theorem C. Fiz d,l,r € N*. Then there are coprime a,b € Nt and a positive
constant ¢ such that for every prime p which belongs the arithmetic sequence (a +
bj)j>1 the following claim holds:

Let G be a finite group with a non-trivial normal subgroup H. Furthermore,
assume that H is isomorphic to the direct product of at most r copies of finite
simple groups of Lie type of rank | over the field F,a with p® elements. Then for
every coset L of H we have |{¢g™ | g € L}| < (1 —¢)|L|.

The current paper is a first in a series of three (see [LuMel] and [LuMe2]) in which
the same sieve method is applied to obtain results on the mapping class group and
on the automorphism group of a free group, respectiviliy. It seems that Theorem B
has the potential of having more applications in group theory (see also [Lu2]).

Acknowledgments. The authors are grateful to the ERC and the ISF for par-
tial support. They also want to thank Emmanuel Breuillard, Dorian Goldfeld, Em-
manuel Kowalski and Ron Peled for useful conversations.

2. RANDOM WALKS, EXPANDERS AND UNIPOTENT ELEMENTS
2.1. Random Walks.

Definition. Let I' be a group. A multi-subset 3 of I' is called symmetric if for every
s € ¥ the number of times s occurs in X equals to the number of times s~1 occurs in
Y. A finite symmetric multi-subset 3 of T is called admissible if the Cayley graph
Cay(I', X)) is not bi-partite, e.g. the identity belongs to X.

Fix an admissible generating multi-subset ¥ = [s,...,sy/| of a group I. _Since
Y is a multi-set, Cay(I", X)) might contains self loops and multiple edges. Let ¥ C T’
consists of the elements which belongs to . Note that Cay(I',X) is connected if
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and only if ¥ generates I' and Cay(T',X) is bi-partite if and only if ¥ satisfies an
odd relation, e.g. contains the identity.

A walk on Cay(I', ) is an infinite sequence of edges (ey)ren+ such that the initial
vertex of ey is the identity and the terminal vertex of e is the initial vertex of
exs1 for every k € N*. The initial vertex of ey, is called the k'"-step of the walk,
in particular, wp is the identity. The set of walks W(X) can be identified with
{1,..., |3}, Hence, the uniform probability measure of {1,...,|3|} induces a
structure of a probability space on W(X). Once W(X) becomes a probability space,
the term ‘random walk’ has a natural meaning. However, it is sometimes useful to
think of a random walk on Cay(I', X) as constructed as follows: The random walk
starts at the identity and if it arrives to a vertex v at some step then in the next
step it will use an edge which starts at v and every such an edge as probability ﬁ
to be used.

For a subset Z of I' we denote the probability that the k"-step of a walk belongs
to Z by Probs(wy € Z). Of course, for a general Z the limit limy_,, Probg(wy € Z)
might not exist and even if it does, this limit might depend on Y. However, in many
natural cases this limit exists and does not depend on . For example if Z is a finite
index subgroup of T' then always limy_,, Probs(w;, € Z) = [[': Z]7L.

In the sequel we will present and apply the large sieve method which helps to
show that certain subsets are ‘very small’. More formally, a subset Z C I is called
exponentially small with respect to % if there are positive constants ¢ and a such
that Proby(wy, € Z) < ce™* for every k € N. This means that not only that this
limit is zero but also that there is an ‘exponentially fast’ convergence to this limit.
A set is exponentially small if it exponentially small with respect to every admissible
generating multi-subset of T'.

The reason that we chose to work with a multi-sets X instead of the underlying
set ¥ is that when passing from the group I' to a quotient, where the image of Z
is exponentially small, we want to deduce that Z ia exponentially small. However,
the quotient homomorphism does not have to be injective on the generating set so
we regard its image as a multi-set.

2.2. Property-7. Let us now define expanders and property-7. A more detailed
discussion about these subject can be found in [HLW] and [Lul]. Let X be an
undirected d-regular graph, self loops and multiple edges are allowed. Let n be the
number of vertices of X. The normalized adjacency matrix of X, denoted by Ay,
is an n X n matrix whose (v,u) entry is d’jj’“ where d, ,, is the number of edges in X
between vertex u and vertex v. Being real and symmetric, the matrix Ax has n real
eigenvalues which we denote by \; > Ay > --- > \,. It is not difficult to see that all
the eigenvalues of Ay lie between —1 and 1. More precisely, A\; = 1 and if the graph
is connected then Ao < 1. The spectral gap of X is defined to be 1 — X\y. A family
of graphs is called e-expander if the spectral gap of every graph in this family is at
least e. It is called an expander if it is e-expander for some € > 0

The following lemma is a group theoretic formulation of Theorem 3.2 of [HLW].
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Lemma 2.1. Let T" be a finite group with a finite symmetric generating multi-set
Y. Let A be the normalized adjacency metriz of of the Cayley graph Cay(I',%) and
denote the eigenvalues of A by Ay > Ao > -+ > \,. Define o := max(|Aa|, | \n])-
Then for every subset T C T and every k € Nt we have:

Il -

Probg(w, € T) — |F|

Tla*.
O

Let T be a finitely generated group and let N be a family of finite index normal
subgroups of I'. The group I" has property-r w.r.t N if for some finite symmetric
generating multi-set > and some & > 0 the family of Cayley graphs {Cay(T'y, Xy) |
N € N} is an e-expander where 'y and X are the images of I' and 3 under the
quotient homomorphism I' — I'/N (X is a multi-set). It is not difficult to show
that if I" has property-7 w.r.t N then for every finite symmetric generating multi-set
Y. there is € > 0 such that the family of Cayley graphs {Cay(I'y,Xy) | N € N} is an
g-expander, however, ¢ may depend on the generating multi-set. The maximal ¢ for
which the family {Cay(I'y,Xy) | N € N} is an e-expander is called the ezpansion
constant of 3.

We want to apply Lemma[2.1] to groups with property-7. However, we have to be
a little bit cautious. The expander property bounds the second largest eigenvalue
of the normalized adjacency of the above graphs, but it does not tell us anything
about the absolute value of the smallest eigenvalue. Still, in our case this can be
overcome.

Lemma 2.2. Let 3 be a symmetric generating multi-set of I'. If Cay(I',X) is not
bi-partite then there is some constant ¢ > —1 such that for every finite index nor-
mal subgroup N of I' the smallest eigenvalue of the normalized adjacency matriz of
Cay(I'n, Xn) is greater than c. In fact, ¢ depends only on the size of ¥ and the
length of the shortest odd cycle in Cay(I',X).

Proof. Let N be a finite index normal subgroup of I'. Let X be the Cayley graph
of I'y with respect to Y. Let [ € N be the length of the shortest odd cycle in
Cay (T, ¥). The entries on the the diagonal of A’ are positive and equal to each other.
In fact, the value of the entries is at least ﬁ since it is equal to the probability that
a random walk on X starting at some vertex return to this vertex at the [*"-step.
Hence, we can write A' as ol + B where o > IEl“ I is the identity matrix and B
a real symmetric matrix with non-negative entries such that the sum of the entries
in every row and column is 1 — a. Thus, the smallest eigenvalue of B is at least

— 1 which implies that the smallest eigenvalue of Alis at least 2a — 1. In turn, the
smallest cigenvalue of A is at least (200 — 1)1 > (IEV —1)7 which is a real number

greater than —1 since [ is odd. O

It is well known that a connected k-regular graph is bi-partite if and only if the
smallest eigenvalue of the normalized adjacency matrix of this graph is —1. Thus,
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Lemma shows that the condition that Cay(I",¥) is not bi-partite does not only
imply that the graphs in {Cay(I'y,Xy) | N € N'} are not bi-partite but also that
they are ‘uniformly far’ from being bi-partite.

A straightforward corollary of Lemmas [2.1] and [2.2] is:

Corollary 2.3. Let I' be a finitely generated group with an admissible generating
multi-set 3. Let N be a family of finite index normal subgroups of I'. Assume that
the family of Cayley graphs {Cay(Tyn,Xn) | N € N} is an e-expander for some
e > 0. For every N € N, let 7y : I' — T'y be the quotient homomorphism. Then
there exists 6 > 0, depending only on €, on the size of ¥ and on the length of the
shortest odd cycle in Cay(T', %), such that for every k € N, every N € N and every
T C Ty the following holds:

Proby(my(wy) € T) — 17 < +/|Tnle .
INY
2.3. Linear groups. Most of the upcoming applications of property-7 will be re-
lated to linear groups. We will mainly use the following result of Salehi-Golsefidy
and Varju which in turn is built on the work Varju [Va] and Bourgain-Gumbord-
Sarnak [BGS1] and on the Product Theorem of Breuillard-Green-Tao [BGT] and of
Pyber-Szabé [PS] who followed and generalized Helfgott [He].

Theorem 2.4 (Salehi-Golsefidy-Varju [SGV]). Fiz gy € NT and let T C GLn(Z[qio])
be a finitely generated subgroup such that the connected component of its Zariski-
closure in GL,(C) is prefect. There exists ¢ € N divisible by qo such that T’ has
property-T with respect to the family

{Ng4 | d is a square free positive integer coprime to q;}

where Ny is the kernel of the homomorphism g : I' — GL,(Z/dZ) induced by the
residue map Z[=-] — Z/dZ.

1
9
In practice, it is very helpful to know what is the image m4(I"). Define
[F = {f S Z[ti,j]lgi.jgn ‘ Vg erl. f(g) = O}
The Zariski-closure G(C) of I' in GL,,(C) equals {g € GL,(C) | Vf € Ir. f(g) = 0}.
Let d € NT and define
G(Z/dZ) = {g € GL,(Z/dZ) | Vf € Ir. f(g) = 0}

where f is the image of f under the modulo-d homomorphism. Clearly, 74(T)is
contained in G(Z/dZ). The following Strong Approximation Theorem of Wiesfeiler
and Nori gives us sufficient conditions for equality to hold.

Theorem 2.5 (Wiesfeiler [We], Nori [No|). Let g0 € NT. Let T' be a subgroup of
GLn(Z[in]) such that the Zariski-closure of it G(C) is semisimple, connected and

simply connected. There is a number qo € NT divisible by qo such that mg(T') =
G(Z/dZ) for every d € N coprime to gs.
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A finitely generated subgroup of GL,(Q) is contained in GLn(Z[in]) for some
¢o € N*. Thus, Corollary together with Theorems and imply:

Corollary 2.6. Let I' be a finitely generated Zariski-dense subgroup of SL,(Q) and
let 3 be an admissible generating multi-subset. There exist g3 € NT and 6 > 0
such that for every square free d < e®* coprime to g3 and every T C SL,(Z/dZ),
the probability Proby,(ma(wy) € T) is approxzimately %
smaller than e~ (so it decays exponentially fast with k).

and the error term 1s

The following proposition, which gives an example of a family consisting of expo-
nentially small subsets, can be easily deduced from Proposition 3.2 of [BGSI].

Proposition 2.7 (Bourgain-Gamburd-Sarnak, [BGSI]). Let I' be a finitely gener-
ated Zariski-dense subgroup of SL,(Q). Let V' be a proper subvariety of SL,(C)
defined over Q. Then, V(C)NT is exponentially small.

Proof. Fix an admissible generating multi-subset 3 and let 0 be as in Corollary [2.6]
Assume that £ is large enough and pick a prime between %e‘% and e’* coprime to g3
for which V(Z/pZ) is defined. The dimension of V' is at most n? — 2 so by the Lang-
Weil estimates [LW], |V (Z/pZ)| < (c+ 1)p™ =2 where ¢ is the number of irreducible

components of maximal dimension of V. Now, | SL,(Z/pZ)| > %pn2 SO % <

2¢£2 - Corollary [2.6/shows that the probability Probs(m,(wy) € V(Z/pZ)) is at most
p p
(4c + 5)e k. O

Definition. An element g € SL,,(Z) is called unipotent if all is eigenvalues are equal
to 1. An element g € SL,(Z) is called virtually unipotent if for some m > 1 the
element g™ s unipotent.

A straightforward Corollary of Proposition [2.7] is:

Corollary 2.8. Let I' be a Zariski-dense subgroup of SL,(Q). Then, the set of
virtually unipotent elements is exponentially small.

Proof. An element g € SL,(Q) is virtually unipotent if and only if all its eigenvalues
are roots of unity. There are only finitely many roots of unity which are roots of a
monic polynomial of degree at most n over Q. Hence, there is a constant m > 2,
depending only on n, such that if ¢ € SL,(Q) is virtually unipotent then ¢™ is
unipotent. The set of elements of SL,,(C) whose m™-power is unipotent is a proper
subvariety defined over Z. Proposition completes the proof. O

3. THE LARGE SIEVE

In the previous section we proved that the set U consisting of virtually-unipotent
elements of I" is exponentially small where I" is a Zariski-dense subgroup of SL,(Z).
For every large enough k& € Nt we picked a large prime p;, with two properties. The
first is that the set m,, (U) is exponentially small in m,, (I'), i.e., the ratio between
the size of m,, (I') and the size of m,, (U) grows exponentially with k. The second is
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that the image of the k*'-step of a random walk is ‘almost uniformly distributed’ in
mp(I).

There are some exponentially small sets for which an argument of that kind does
not work. For example, it does not work for the set of proper powers or even for
the set of m-powers for some fixed m. The reason is that there is a fixed positive
proportion « > 0 such that for every prime p the proportion of the set of m-powers
in 7,(I") is at least . In order to overcome this problem one may look at the image
of I under the modulo-d homomorphism where d is a product of a linear number
(as a function of k) of primes. This rises a new problem, the image of the k'i-step
of a random walk does not ‘almost uniformly distributed’ in m4(I").

The large sieve method provides a way to deal with this situation. It implies
that in order to show that a set Z C I' is exponentially small it is enough to find
a constant ¢ > 0 and exponentially many (as a function of k) primes p for which

the following three conditions hold. The first is that % < 1 — ¢ for every such a
prime p. The second is that the k*"-step of a random walk is ‘almost uniformly dis-
tributed’ in 7,(I") for every such a prime p. The third is that for every two distinct
such primes p and ¢ the images in m,(I") and 7,(T) of the k"™ -step of a random walk

are ‘almost independent’.

3.1. The Large Sieve Theorem. We start this section by stating a lemma which
has nothing to do with property-7 nor with groups. Property-r will come into the
picture once we try to use this proposition in the context of group theory. We are
thankful to Ron Peled who simplified the proof of the next lemma by suggesting the
use of Chebyshev’s inequality.

Lemma 3.1. Let U be a probability space. Let (A;)1<i<r, be a series of events. For
1 <1,5 < L denote:

W (i, j) := Prob(A; N A;) — Prob(A;) Prob(4;),
A= max [W(i,j)],

1<i#j<L
and
L
M = Z Prob(4;).
i=1
Then:
L+ L?A

1<i<L
Proof. Chebyshev’s inequality says that if X is a random variable then for C' > 0:

Var(X)

Prob(|X — E(X)]) > C) < ok
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In particular, if C'= E(X), then:

Var(X)
Define X, to be the indicator function of A; and set X := ZlgigL X;. Then,
M = E(X) while

Var(X) := E(X — E(X))?) = Z E(X;X; - 2X,E(X;)+ E(X,))E(X;)) =

1<ij<L

E (E(X:X;) — E(X;)E(X;)) = E W(i,j) < L+ L*A.
1<ig<L 1<i <L
Thus,

L+I2A
Prob(U\ | J A;) = Prob(X = 0) < 45\4—2

0<i<L

g

Theorem 3.2. Fiz s > 2. Let I' be a finitely generated group and let ¥ C T be an
admissible multi-set. Let (N;);>2 be a series of finite index normal subgroups of T".
For i,j > 2 denote N;; := N;N\N;, I';; :==T/N;; and let m;; : I' — I';; be the
quotient homomorphism. Let Z C T and assume that there are positive constants ¢,
c and d and a sequence (T});>2 such that for every i,j > s the following conditions

hold:

0. T; C Ty \ mia(Z).

1. For every T CT;;, |Probg(m ;(wy) € T) — IIL:ZFLI < /I jle~ok.
Il = [N slaNi€Ti A gN;ETY| _ [TITy|

3. ]|];j and j are distinct then -t ] 1=t = IFi,iHFj-,jl‘

4. ] >c.

Then for every k > %log(%), Proby(wy € Z) < i—ge_d%. In particular, Z is
exponentially small w.r.t 3.

Proof. For every i € I denote I'; := I';; and 7; := m;;. Conditions 1 and 3 imply
that for every distinct 7,5 € I and k € NT:

| T3]
(1)

Proby(m;(wy) € T;) — T

S /|Fi|6_6k
_TT

(2) < \/|Ta||T s e0k.
T[T ’

Recall that the set of walks W(X) is a probability space. For i > s and k > 1,
denote A; i == {w € W(X) | mj(wg) € T;}. Note that if w is a walk and wy, € Z,

Proby(mi(wg) € T; A mj(wi) € Tj)
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then w & U;>5A; . We can rewrite equations and in the form:

T
(3) PI‘Ob(Al',k) — H S ‘Fi|6_6k
and
T3] |75

Pl"Ob(Ai,k N Aj,k) -

T ok
T TS| < o/ ITal[Fle".

Thus, Equations [3] and (] together with Condition 2 imply that for ¢ # j:
(5) |Prob(A; ;N A1) — Prob(A; ;)Prob(4; )| < 4max(i, j)%e™°F.

Define Ly := et Equation shows that for every distinct s < 2,5 < L
we have |Wy(i,7)| < 4e” a1 where Wy (i, ) is defined in a similar manner to the
definition in Lemma (3.1} Hence,

Sk
= .. < _ gk .
Dei= | mac (Wi )] < e =i

while Condition 4 implies that
My := > Prob(A) > c(Li — s).
s<i<Ly

If £ > %log(%) then L, — s > %Lk. Proposition implies that for every
k> 4l log(2s):

Li + L2, _ 20 20 &

Proby:(wy, € Z) < Prob(W(E) \ | Aix) < 5 <=3
k

€Ly,

We are now ready to formulate the Group Large Sieve (GLS) method. The reader
may note that Theorem B of the introduction is a special case of the following:

Theorem 3.3 (GLS). Fiz s > 2. Let I" be a finitely generated group and let ¥ be
an admissible multi-subset. Let A be a finite index subgroup of I' and let (N;);>2 be
family of normal finite index subgroups of I' which are contained in A. Let Z C %
and assume that the following conditions hold:

1. I' has property-t w.r.t the family {N; "\ N; | i,j > s}.

2. There exists a constant d such that |U'/N;| < j* for every j > s.

3. |[A/N; N N;| = |A/N;||A/N;| for every distinct i,j > s.

4. There ezists ¢ > 0 such that for every coset C' € I'/A and every j > s,

((Z N C)N;/N;| < (1= ¢)|A/Nj].
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Then there are positive constants v and t such that Probs(wy, € Z) < e % for every
k > tlogs. In particular, Z is exponentially small.

In fact, the constants v and t depends only on the spectral gap of the family of
Cayley graphs {Cay(I'/N;, ¥ N;/N;) | i > 2}, the size of X3, the length of the shortest
odd cycle in Cay(I',X) and the two constants ¢ and d

Proof. 1t is enough to verify the Conditions of Theorem [3.2] The existence of con-
stants  and d for which Conditions 1 and 2 of Theorem [3.2] hold follows from
Conditions 1 and 2 of the current corollary together with Corollary 2.3 Condition
4 of the corollary allows us to choose for every i > s a constant b; > ¢ and a subset
T; C I'/N; \ ZN;/N; such that |T; N C/N;| = b;|A/N;| for every coset C' € I'/A.
Conditions 0 and 4 of Theorem [3.2| are readily satisfied by the definition of 7;. The
definition also implies that for every i > s, |Til‘ = b;. In turn, Condition 3 of the

__ o " HgNi,lgNi€T; A gN;€ET;
corollary ensures that for every distinct 7, j > s, gNi.jlg S N €T b;b;. Thus,
2,7

Condition 3 of Theorem [B.2] also holds. O

Our next goal is to apply the group large sieve method in the situation where
I' is a subgroup of SL,(Z). For every prime p, let m, : I' — SL,(Z/pZ) be the
modulo-p homomorphism. We shall see that it is fruitful to define V; := kerm,,
where po, p3, ... is an ascending enumeration of the primes which belong to some
arithmetic progression. In order to verify Condition 2 of Corollary with respect
to the sequence (1V;);>2, we need the next theorem about the density of the primes
in arithmetic progressions (for a proof see Chapter 22 of [Dal).

Theorem 3.4 (Quantitative Dirichlet’s Theorem). Let 0 < & < 1 and t > 1 be
constants. Then there exists a constant r > 0 such that for every k > r, every
x> et and every two coprime numbers 1 < a,b < k' the number of primes p which
satisfy:

el <p<u

e p belongs to the series (a + bj);>1.

l—e

18 at least 20 Toex

where ¢ is the Fuler function.

A straightforward Corollary of Theorem [3.4] is:

Corollary 3.5. Let t > 0. Then there is a positive constant r depending only on t
such that for every k > r and every two coprime natural numbers a,b < k*, if (p;)i>1
is an ascending enumeration of the primes which belong to the sequence (a + bi);>1

then p; < i% for every i > et
We can now deduce:

Proposition 3.6. Fizn > 2 andc > 0. Let ' be a Zariski-dense subgroup of SL,,(Z)
with an admissible multi-subset X. For every ¢ € N*, let m, : I' — SL,(Z/qZ) be
the modulo-q homomorphism. Then, there exist two positive constants v and 7,
depending only on I", 33, and ¢ such that the following statement holds:
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Let Z be a subset of I and let k > r be a natural number. Assume that there
are two coprime natural numbers 2 < a,b < k% such that for every prime p which
belongs to the arithmetic progression (a + bj);>1, the size of m,(Z) is at most (1 —
¢)|SL.(Z/pZ)|. Then,

Proby(wy, € Z) < e "

Proof. Let a ,b, ¢, k and Z be as in the statement. We need to show that there are
positive constants v and r depending only on I' ;> and ¢ such that if £ > r then

Proby(wy, € Z) < e "

Denote g3 := q1g» where ¢; is as in Theorem and ¢y is as in Theorem [2.5]
Note that ¢3 depends only on I'" and . Let (p;);>2 be an ascending enumeration
of the primes which belong to the sequence (1 + bgsi);>;. Denote N; := ker m,, for
every ¢ > 2. Theorem implies that ' has property-7 with respect to the family
(N; N N;); j>2 and Theorem (Strong Approximation) implies that if ¢ € NT is a
product of primes which belong to (a + bgsi);>; then 7 (I') = SL,,(Z/qZ).

We now verify the four conditions of GLS (Theorem [3.3[ for A = I"). The above
paragraph together with the fact that SL,(Z/pi1p2Z) = SL,(Z/p1Z) x SL,(Z/p27Z)
for distinct primes p; and p, imply that Conditions 1 and 3 of GLS are satisfied for
every ¢,j > 2. Condition 4 of GLS is true for every j > 2 by assumption. Finally, we
will show that Condition 2 of GLS holds for d := 2n?. Let § be the spectral gap of the
family {Cay(I'/N;, XN;/N;) | i > 2}. Let v :=~(0,|%|, ¢,d) and t := t(4, |X]|, ¢, d) be
the constants of GLS for d = 2n?. Corollary implies that there exists a constant
r such that if k > r and j > ez then p; < 52 so |[[/N;| < j2°. We can assume
that & > r and denote s := e, Hence, Condition 2 of GLS holds for every j > s.
We finished to verify all the conditions of GLS. Since k£ > tlog s, GLS implies that
Probs(wy, € Z) < e 7% d

3.2. An extension of Corollary This subsection is needed for the proof of
the general case of Theorem A. A reader that is only interested in the special case
(Zariski-dense subgroup of SL,(Z)) can skip this subsection.

Proposition 3.7. Let I' < GL,(Q) be a finitely generated group such that its
Zariski-closure in GL,,(C) is semisimple. Then there are:

o A finite index normal subgroup A of T'.
o A set P which contains almost all primes.
e For every prime p € P, an epimorphism m, : I' — I'), such that T', is a
non-trivial finite group and N, := ker m, is contained in A.
e Constants d,l,s € N*.
such that:

1. T has property-t with respect to the family {N, 4 }pqep where Ny, := N,NN,.

2. A, == m,(A) is a direct product of at most | finite simple groups of Lie type
of rank at most | over finite extensions of F, of degree at most | for every
p € P. Furthermore, %pd <A, < spd < pdtl
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3. The natural homomorphism m,, : Ay, — Ay, X Ay is an isomorphism for all
distinct p,q € P where A, == A/N,,

Proof. Since I is finitely generated it is contained in GLn(Z[qio]) for some ¢y € N*.
The connected component of the Zariski-closure of I" in GL,,(C), denoted by G(C),
is defined over Q. Hence, for every large enough prime p the group G(F,) and the
residue map I'° — G(F,) is defined where I'* :=T'N G(C).

We would like to apply the Strong Approximation Theorem to conclude that for
every large enough prime p the residue map I'° — G(F,) is an epimorphism. But we
have a problem, our G(C) is connected and semisimple but not necessarily simply
connected. To overcome this problem we let ¢ : G — G be the universal cover of G.
The algebraic group G and the rational homomorphism t are defined over Q. The
group ¥(G(Q)) is a normal coabelian subgroup of G(Q). This implies that there
exists I'; < G(Q) where Y|z, is an isomorphism onto a finite index subgroup I'; of T
(see chapter 16 of [LuSe|). The image of I'; under the residue map I'y — G(IF,) is the
same as the image of I'; under the composition I'; — @(Fp) — G(F,). The Strong
Approximation Theorem (Theorem says that for large enough prime p the first
homomorphism is an epimorphism. The kernel of the second homomorphism is
contained in the center of G(IF,) and the image is of index at most b in G(F,) where
b € NT is some constant independent of p.

We define A to be the intersection of all subgroups of index at most b of I'y. For
large enough prime p we get a homomorphism m, : A — G(F,)/Z(G(F,)) and we
denote N, := ker,. The structure of G(F,)/Z(C(F,)) is well known and there are
¢,d,l € Nt such that the requirements of condition 2 are satisfied (see [JKZ] and
the reference therein). In fact, d := dim(G(C)). In particular, this structure assures
that 7, is an epimorphism for a large enough prime p so condition 2 is satisfied for
the set P consisting of large enough primes. Condition 3 then follows since two
finite simple Lie groups over field of different characteristics are not isomorphic.
Condition 1 follows from Theorem 2.4 O

The proof of the next Proposition is identical to the proof of Proposition Slo)
we omit it.

Proposition 3.8. Fix a positive constant c. Let I' be as in Proposition and let X
be an admissible generating multi-set of I'. Then, there exist two positive constants
v and r, depending only on I' and 3 and ¢ such that the following statement holds:

Let Z be a subset of I' and let k > r be a natural number. Assume that there
are two coprime natural numbers 2 < a,b < k° such that for every prime p which
belongs to the arithmetic progression (a+bj);>1 and every coset C € I',/A,, the size
of mp(Z) N C' is at most (1 — ¢)|A,|. Then,

Probs(wy € Z) < ek
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4. PROOF OF THEOREM A FOR A ZARISKI-DENSE SUBGROUPS OF SL,(Z)

In this section I' denotes a Zariski-dense subgroup of SL,,(Z) and ¥ is an admissible
generating multi-subset of T'.

Lemma 4.1. Fix m > 2. Let p be a prime which satisfies:
e p>3(;) + 1.
e p=1(modm).

Then [{g"™ | g € SLu(Z/pZ)}| < (1 = 5)| SLa(Z/pZ)].

Proof. The subset T' of diagonal matrices of SL,,(Z/pZ) is a subgroup isomorphic to
C’;L:ll where C,_; is a cyclic group of order p — 1. Since m divides p — 1 the map
2 2™ is m" -to-1 on T so

1

mnfl

m 1
{1t TH < —IT] < /7).

An element of T is called regular if all its non-zero entries are distinct. The size of
the set S consisting of regular elements is at least (p —1)"~! — (”) (p—1)""2 Thus,

2
if p>1+3(%) then
2
S| > =|T
512 2im

while
m 1
{m |t e syl < I

Let s € S, then the centralizer of s is T. If g € SL,(Z/pZ) and gsg~! € T then
gsg~! is also regular so its centralizer is also T. On the other hand, conjugation by
¢ is an automorphism, so the centralizer of gsg='is ¢T'¢~'. Thus, T = ¢gT¢ ' and ¢
belongs to the normalizer N of T'. The normalizer N is the set of monomial matrices,
so N/T is isomorphic to the symmetric group on n elements and [N : T] = nl.

Let R be a set of representatives of the left cosets of N. Then,

Rl = L [SL.(Z/7) : T).

If r1,79 € R are distinct then 7“157"1_1 and 7"251“2_1 are disjoint. Thus for S :=
UrerrSr1,

2 1|SL.(Z/pZ)| 2
>z S Bttt A et/ R
S12 31T = |SLu(Z/52)

while
1 |SL.(Z/pZ)|

_ 1 1
m < =T - = —|SL,.(Z/pZ)].
{15 € SH < T =7 5| SLa(Z/pZ)|

Combining Lemma [£.T] with corollary [3.6] we get:
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Corollary 4.2. There exist two positive constants v and r such that if k,m € NT
with k> 1 and 2 < m < k? then

Probg(wk € Fm) < ek,

The next lemma shows what kind of m-powers are possible at the k'*-step of a
random walk.

Lemma 4.3. There is a constant s € Nt such that if the k™-step wy, of a random
walk on Cay(T', X)) is a proper power then one of the following holds:

o wy 1s virtually-unipotent.
o wy = g™ for some element g € G and some prime number m < sk.

Proof. For x € C" let |z| be L?>-norm of z. Recall that the operator norm of an
element g € I is ||g|| := max|y—1 |gz|. Note that if g,h € I' and A is an eigenvalue
of g then ||ghl| < [lgl[[Al] and [[A]] < llgl|. Define ¢ = maxyes [lgll so [luwyl| < c*
for every walk w.

If a polynomial f of degree n with integer coefficients is not a product of cy-
clothymic polynomials then it has a root with absolute value greater then 1 + ¢
where ¢ depends only on n (see for example Proposition 5.5 and Corollary 5.6 of
[Mi]). Thus, if g € SL,(Z) is not virtually unipotent then it has an eigenvalue A
with absolute value greater then 1+ € so ||g™|| > (1 + €)™ for every m € N,

A power of a virtually unipotent element is virtually unipotent. Hence, if the the
k™_step wy of a walk is an m-power but not virtually unipotent then (1 +¢&)™ < ¢

som < sk for s := lo;‘()%js). O

Our goal is to show that the set of proper powers in I' is exponentially small.
The set of virtually unipotent elements in I" is exponentially small by Corollary 2.8
Thus, Lemma 4.3 implies that it is enough to show that the set Z C I' of elements
which are proper powers but not virtually unipotent is exponentially small. Let s

be as in Lemma 4.3 and let v and r be as in If £ > max(r, s) then
Proby(wy, € Z) = Probg(wy, € Uscpep2l™) < K2k,
If a is a positive constant smaller than v then for large enough k,
Probg(wy € Z) < ke "k < ek,

Thus, Z is indeed exponentially small and the proof is complete.

5. PROOF OF THEOREM A

5.1. Reduction. The next lemma shows that it is enough to prove Theorem A for
a finitely generated subgroup of GL,(Q) such that the connected component of its
Zariski-closure is a non-trivial semisimple group.

Lemma 5.1. Let I' < GL,,(C) be a finitely generated group which is not virtually
solvable. Then there is a positive integer n and a homomorphism o : I' — GL,(Q)
such that the connected component of the Zariski-closure of o(T") is semisimple.
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Proof. Proposition 16.4.13 of [LuSe] shows that there is an n; € NT and a homo-
morphism o : I' = GL,, (Q) such that «(I") is not a virtually solvable group. The
connected component of the Zariski-closure of «(I') is not necessarily semisimple.
However, we can divide it by its solvable radical, which is defined over Q. Thus, there
is ny € NT and a homomorphism ay : o (I") = GL,,(Q) such that the connected
component of the Zariski-closure of ag o a(T") is semisimple. Define o := a3 0 a3
and n := no. O

5.2. Virtually unipotent elements. We start this section with an analog of

Proposition [2.7]

Proposition 5.2. Let I' be a finitely generated subgroup of GL,,(Q) whose Zariski-
closure T is semisimple. Assume that V(C) is a variety defined over Q and that
V(C) does not contain any coset of the connected component of . Then, V(C)NT
15 exponentially small.

The proof of Proposition is almost identical to the one of Proposition SO
we omit it. The next Corollary is the main result of this subsection.

Corollary 5.3. Let ' be a finitely generated subgroup of GL,(Q) whose Zariski-
closure is semisimple. Then, the set of virtually unipotent elements is exponentially
small.

Proof. As in the proof proof of Corollary [2.8] there exists a positive integer ¢ such
that if g € T" is virtually unipotent then ¢' is unipotent. Thus, the set of virtually
unipotent elements is contained in a subvariety defined over Q. Proposition
above and Proposition below complete the proof. Il

Lemma 5.4. Let t € N*. Let I' be a finitely generated subgroup of GL,(Q) whose
Zariski-closure in GL,(C), denoted by I', is a semisimple group. Then every coset of
the identity component I'° of I' contains an element whose t-power is not unipotent.

Proof. By replacing I' with its image in T'°/Z(I'°) we can assume that I'° has trivial
center. Let C' be some coset of ['° and assume that for every g € C' N T the power
¢' is unipotent. Then the eigenvalues of every element of C' NI are roots of unity of
bounded order. Thus, there is only a finite number of Jordan forms for the elements
of C'NT'. The set of elements with a given Jordan form is Zariski-closed so all the
elements of C' have the same Jordan form since C' is irreducible and C'N T is dense
in it. In particular, all elements of C' have the same order.

The automorphism group of I'° is a semidirect product of the group of inner
automorphism and the finite group of outer automorphisms. Hence, every coset of
Inn(T°) in Aut(I®) contains an element of finite order. This implies that there are
some k € NT and g € C such that ¢* € Zp(I'®). However, this centralizer is finite so
g has finite order. Thus, all the elements of C' has the same finite order. In the next
paragraph we will show that the orders of the elements in every coset of Inn(I'°) are
unbounded so the same is true for C' and we get the desired contradiction.
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If T° is a simple group of adjoint type then every coset of Inn(I'°) in Aut(I'®)
contains a graph automorphism «. The graph automorphism « fixes some root
of the Dynkin diagram unless the diagram is of type A, and in that case the
automorphism switches between the two roots at the ends. In any case, o pointwise
fixes some torus T and the orders of the elements of a7 C o Inn(I'°) are unbounded
(we identified T' with its image in Inn(T°)).

In the general case ['° has a characteristic subgroup N such that I'°/N is iso-
morphic to A¥ where A is a simple group of adjoint type and k € N*. It suffices
to show that for every a € Aut(A*) the orders of the elements which belong to
aInn(A*) are unbounded. As before, this will follow once we show that there is an
element in o Inn(A¥) which pointwise fixes a non trivial torus. As a € Aut(AF),

there are vy, -+, € Aut(A) and a permutation o € Sym(k) such that for every
(21, , 1) € AF we have
a(zy, - xk) = (a(@eq)), - r(Tomy))-

If the type of A is different from D, then there is only one non-identity graph
automorphism, so by the previous paragraph we see that there is a non-trivial torus
T which is pointwise fixed by all graph automorphisms. If the type of A is D, then
all the graph automorphisms fix the central root and thus pointwise fix the torus T’
corresponds to this root. By replacing o with another representative of the coset
aInn(A¥) we can assume that q; is a graph automorphism for every 1 <i < k so «
pointwise fixes T* := {(¢,--- ,t) | t € T'}. As before the fact the the orders of aT™
are unbounded implies that the orders of a Inn(A*) are unbounded. U

5.3. Completion of the proof of Theorem A. Let I' be a finitely generated
subgroup of GL,(Q) whose Zariski-closure I is semisimple. Then, there are finitely
many primes py, ..., p, such that I' is contained in GLH(Z[]D1 }.pr]). Fix an admissible
generating multi-subset X of T'.

We start with some number theoretic arguments. For every 1 <i <, let |- |; be
some extension of a p;-adic valuation of Q to the algebraic closure Q of Q. Fix an
embedding of Q in C and let | - |, be the restriction to Q of the absolute value of C.
It is well known that for every n € NT, there exists a constant ¢ > 1 such that if
is an algebraic integer of degree at most n then either x is a root of unity or some
Galois conjugate y of z satisfies |y|o > ¢ (see Proposition 5.5 and Corollary 5.6 of
[Mi]). The following lemma is a straightforward generalization of this fact.

Lemma 5.5. Denote R := Z[%} where q := py---p,. Then, for every n € N1 there

exists a constant ¢ > 1 such that if x € Q* is integral over R of degree at most n
then either x is a root of unity or |y|; > ¢ for some 0 < i < r and some Galois
conjugate y of x.

Proof. Let x € Q* be integral over R such that its minimal polynomial f over R has
degree at most n. The roots of f are the Galois conjugates of x. The case where all
the coefficients of f belong to Z is the classical case above. Thus, we can assume
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1
that some coefficient b of f does not belong to Z. Define d := min;<;<, |p;|; " and
note that d > 1. There is 1 < j < r such that p; is a factor of the denominator of b
so |b]; > d™. The coefficient b is a symmetric polynomial of degree at most n in the
Galois conjugates of x and | - |; is non-archimedean so there is at least one Galois

conjugate y of x with |y|; > d. O
For1<i<rand = (v, - ,2,) € Q" define
|Z|; == 1%%1 |51
and

Note that if g,h € I and X is an eigenvalue of g then |gh|; < |gl;|h|; and |A; < gl

Lemma 5.6. There is a constant t € NT such that for every k € Nt and every walk
w on Cay([',Y), if wy is a proper power then one of the following holds:

o wy 1s virtually-unipotent.
o wy = g™ for some element g € G and some prime number m < tk.

Proof. Fix k € N and define:

b= ges A oi<r 9l
Then, |wg|; < b* for every walk w and every 0 < i < r. Let g € I'. If X is an
eigenvalue of g then so are all the Galois conjugates of it. Lemma [5.5| shows that
there is a constant ¢ > 1 such that if g is not virtually unipotent then |A|; > ¢ for
some eigenvalue A\ of g and some 0 < ¢ < r. In the later case for every m € Nt we
have that A™ is an eigenvalue of g™ and |¢g™|; > |A™]; > ¢™. Thus, if w is a walk on
Cay(T',X) and wy = g™ for some g € I and some m € N* then either wy, is virtually
_ logb

unipotent or m < tk where t := Togc- O

Lemma 5.7. There exist two positive constants o and v such that if k > r then
Probs;(wy € Upcpmapel™) < ek,

Proof. We use the notation of Proposition . For every coset D € I'/A and every
m > 2 define D™ := {¢g™ | g € D}. Proposition together with Corollary
imply that there are positive constants v and r such that for every £ > r and for

every coset D € I'/A:

Probg(wk € U2§m§k2Dm) < k2e k.
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The subgroup A is of finite index in I' so it has only finitely many cosets. Hence, if
0 < a <~y and k is large enough then:

PI'Obz(’lUk € UZSmSkQFm) <e ak.
4

Corollary [5.3] together with Lemmas [5.6] and [5.7] complete the proof of Theorem
A (modulo the proof of Theorem and corollary [6.17)).

6. POWERS IN FINITE GROUPS OF LIE TYPE

The goal of this section to bound the number of powers in a finite extension of a
direct product of finite groups of Lie type (see Theorem below). This bound is
needed for the proof of Theorem [1| but it might be interesting on its own right.

6.1. Notation. The letter p always denotes a prime number greater than 3 (some-
times further restrictions which will be specified). The letter ¢ denotes some power
of p. For a group G, a subgroup 7' C G and an automorphism p € Aut(G), we
denote T, := {t € T | pu(t) = t}. In most cases the group 7" will be abelian and
p will preserve T. In addition, if n € N then T,, := {t € T | Zg(t") = T} and
Tyn=1T,NT,.

We fix some root system ® C R! and let W (®) be its Weyl group. The symbols
G, (G7) represents the Simply connected Chevalley (Steinberg) group of type ® over
the field with ¢ elements [F,. Unless otherwise mentioned, the term finite Lie group
means a Chevalley or Steinberg group of adjoint type although the results apply to
all finite Lie groups. A detailed description of these groups is given in later sections.

6.2. Powers in arbitrary groups. We start this section with three lemmas.

Lemma 6.1. Let G be a finite group with a maximal abelian subgroup T. Assume
p € Aut(G) preserves T and denote n :=ord(p). If t € T),,, then

T, ={g€G|gtulg)" =t}.

Proof. The inclusion C is clear. For the reverse inclusion assume that gt = tu(g).
The element ¢ is fixed by u, so u'(g)t = tu'™(g) for every 0 < i < n — 1. Hence,

gt" = tp(g)t" ™t = (gt = =" (g) = t"g.

This means the g centralize t" so g € T. Thus, gtu(g)™' =t = gtg~* so u(g) = g,
ilegel,. Il

Lemma 6.2. Let G be a finite group with a mazximal abelian subgroup T'. Let g € G
andt € T. If Zg(t) =T and gtg~' € T then g € N where N := Ng(T).

Proof. Conjugation by ¢ is an automorphism so Zg(gtg™') = gZg(t)g™' = gTg™'.
But T is abelian and so T' C Zg(gtg™') = ¢gTg~' which implies T = gTg~! and
geEN. U
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Lemma 6.3. Let G be a finite group with a maximal abelian subgroup T'. Assume
€ Aut(G) preserves T and denote n := ord(u). Let ¢ be the number of elements
of T' of order dividing n. If |T},,| > %\TM|, then the set

L:={geG|3s€T,, st gsulg™") € T,n}

is a subgroup of G which contains T, as a subgroup of index at most ¢[N : T'| where

N = Ng(T).

Proof. Let g € L. We start by showing that gtu(g~') € T, for every ¢t € T,,. Choose
s € T, such that gsu(g™') € T),,,. Every element of T), is fixed by p, so

gsi(g™") = ulg)sp?(g™") and u(g™)gspu(g™ )’ (g) = s.

Lemma together with the fact that u(u(g=')g)™' = u(g~')u?(g) implies that
u:=p(g~)g € T,. The element u is fixed by u so

w=p'(u) = (g™ (g)
for every 0 < ¢ <mn — 1. Multiplying these equations we get that

u' = )t (w)u =1
which means that the order of u divides n.

It is clear that L is closed to inverses so ¢g~! € L and the argument above assures
that v := u(g)g~' € T,. Since gsg~'v™! = gsu(g™') € T,, also gsg~* € T,.
The fact that s € T),,, implies that Zg(s) = T, so Lemma shows that g € N.
In particular, if ¢ € T, then gtu(g') = gtg~'v™' € T. In order to show that
gtu(g™") € T, we have to show that it is fixed by . Indeed,

plgtp(g™)) = ulo)tu*(g™") = g9~ 19t (g~ ulg)nlg™) = gu™ tup(g™") = gtu(g™")
where that last equality is true since T' is commutative.

Define YV := {g € G | gT,u(g") = T,}, clearly Y is a subgroup of G. The
previous two paragraphs show that L C Y, in fact there is an equality. Indeed, the
pigeon hole principle together with the fact [T),,,| > 3|7},| show that if g € ¥ then
gsp(g)~t € T, for some s € T), .

We have established that L is a group contained in N and it is clear that 7, < L.
Hence, in order to show that [L : T,] < ¢[N : T] we only have to prove that
[LNT :T,] <c Weshowed that if g € L then u(g)g~" is an element of T, whose
order divides n. The number of elements of 7, of order dividing n is ¢ so it will be
enough to show that if t1,t, € LNT and pu(t))t; " = p(te)ty ! then ty¢," € T),. Indeed,
since T is abelian the equality p(t)t;* = p(ty)t; * implies that t1t,1 = p(tit; ), ie
tity ' €T, O

The next proposition is the one we will use in the following sections.

Proposition 6.4. Let m be a prime number. Let H be a finite group containing a
normal subgroup G. Fix some h € H and let n be the order of the automorphism
€ Aut(G) induced by conjugation by h. Let T be a mazimal abelian subgroup of
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G preserved by p and denote by ¢ the number of elements of T of order dividing n.
Assume that:

1. m divides |T,|.

2. [Tynl = 31Tl
Then, for N := Ng(T)

(o™ o€ GhY| < (1—@) a.

Proof. Choose an element s € T, of order m. If t € T then (th)™ = (tsh)™ since T
is abelian and A commute with s. Condition 2 implies that the number of elements
t € T, such that ts € T, is at least $|T,|. This shows that we can choose a set
A CT,, such that:

e The size of A is at least §|T},.
e The set B := {as | a € A} is contained in 7}, ,
e ANB =0.

Choose a set of representatives R for G/L where L is defined in Lemma [6.3] If
ti,to € AU B and ry,7y € R satisfies ritiu(r;!) = rotop(ry') then t; = ¢, and
r1 = ry. The equality rthr=' = rtu(r=')h for t € T and r € R implies that

[{rthr~' |t € AUB A r € R}| =2|A||R]|
while
H{(rthr " |z € AUB A r € R} = |{(rthr )" |t € A A r € R} <|A||R|.
Lemma assures that |R||A| > |G| so

1
4c[N:T]

1
m <1al — < (1= ——=]IG
{z™ | 2 € Gh}| < |G| — |A||R| < (1 4[N - T]) 1G]

g

6.3. Chevalley groups. In this subsection we briefly describe the Chevalley groups
and their basic properties. More details and proofs can be found in the classical book
of Carter [Cal.
Let ® C R! be an indecomposable root system and fix a fundamental system of
roots II C ®. Let £ be the simple Lie algebra over C associated with ®. We regard
2r

® as a subset of £ and for every r € ® we define h, := . Where (+,+) is the usual

scalar product of R!. Finally we fix a Chevalley basis {h, | r € I} U {e, | r € ®} of
L. The multiplication of £ satisfies:

1. [h.hs] = 0.

2. [hees) = (h,, s)es.

3. leqes] = h, if r+s=0.

4. [eres) € Zegy, if r+ s € O.
5. [eqes] =0if r+ s ¢ & U {0}.
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In particular, the product of every two elements of the Chevalley basis is a linear
combination with rational integer coefficient of the basis elements. Thus, there is a
Lie algebra £, over F, with the same basis as £ and a similar multiplication. The
coefficients of the product of elements of the basis in £, are equal modulo p to the
ones of the product in L.

The rules of the multiplication also show that for every r € ® the linear map
ad e, : L — L is nilpotent and so exp(t ad e,) is an automorphism of £ for every
t € C. It turns out that exp(t ad e,) is in fact is a finite power series of the form

Z ar(tad e,)*

0<k<n

where a, € Z for 0 < k < n. Hence, this power series can be evaluated also for
t € F, and the result is an automorphism of £, denoted by z,.;. The Chevalley group
G, associated to ® is the subgroup of the automorphism group of £, generated by
the z,, for r € ® and t € F,.

In the next few paragraphs we will define certain subgroups of G,. In order to
keep the notations simple we will not insert the letter ¢ in the symbols of these
subgroup but the reader should always remember that these groups depends on the
group Gy which in turn depend on ¢ and the root system ®.

For every root r € ® and an element ¢ € I} there is an element d,; € G, which
satisfies d,.;(e,) = t"*)e, and d,;(hs) = h, for every s € ®. The diagonal subgroup
T is the group generated by the these elements. The group 7' is a maximal abelian
subgroup and, as the notation suggest, it will play the roll of the maximal abelian
subgroup of the first section. As before, for an n € N denote T, := {t € T |
Zg,(t") = T}. Our first goal is to find a sufficient condition for an element of T to
belong to T,,.

Every root s € ® can be written in a unique way as s = €,y . N, Where
¢ = 41 and the n,’s are natural numbers. The set of positive roots ®* contains
the roots s with e, = 1 and the set of negative roots ®~ contains the roots s with
es = —1. The height of a root s is defined to be € .y ns,. Let LF (L) be the
subspace of £ which is generated by the elements e, where r runs over the positive
(negative) roots and let L) the subspace generated by the h,, with r € II.

The upper unipotent subgroup U of Gy is the group generated by the elements
z, for r € ®* and ¢t € F,. Similarly, the lower unipotent subgroup V' of G, is the
group generated by the elements x,; for r € ®~ and t € [F,.Our first lemma is rater
technical.

Lemma 6.5. If u € U preserves ES then u s the identity.

Proof. Let u € U be a non-identity element. Fix an ordering > of the roots such
that r = s implies that the height of r is greater or equal to the height of s. There
are unique t, € F, such that

u = H xr,tr

red+
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where the product in taken in an increasing order of the roots. Let 7* € ®* be the
minimal root with respect to > such that ¢,» # 0. The definition of z,; for r € ®F
and t € F, implies that for s € ®:

L. 2,4(hs) = hs — to=(hs, 7)e,.

2. z,4(es) = es +v where v is a linear combination of roots with height greater

then the height of s.

Thus, w(hp) = hys — 2t,«€,, + v where v is a linear combination of roots which are
greater than 7* (0 # 2(mod p) since p > 5). O

The last ingredient needed for the proof of Lemma is the Bruhat decompo-
sition. The diagonal group 7" normalize U and so B := TU is a subgroup of G,.
Let N be the normalizer of T in G, N is called the monomial group. Every n € N
acts as a permutation on the set {Ce, | r € ®}. This action defines an epimor-
phism of N onto to Weyl group W (®) with kernel T'. For every w € W (®) choose
a representative n,, € N. The Bruhat decomposition says that

G,= |J Bn.B
weW ()

where the union is disjoint.

Lemma 6.6. Assume that d € T satisfies:
1. If r € ® then d(e,) = A\, where . # 1.
2. If \, = A\; thenr,s € ®" orr,s € &~.
Then T is the centralizer of d.

Proof. Note that Lg is exactly the eigen space of d with eigenvalue 1. Assume g € G|,
centralizes d. Conditions 1 and 2 imply that g preserves E(‘;. Choose by, by € B and
w € W(®) such that g = byn,bs. The element n,, = bl_l gby Lalso preserves E;r since
B does. Thus, w(®*) = &+ since n,(Ce,) = Ceyy() for every r € ®. The identity is
the only element of the Weyl group which preserve ®* so w = id and g € B. Write
g = cu with c € T'and u € U. Since ¢ centralizes d also u centralizes it. Condition
1 shows that u preserves ﬁg and so u = id by Lemma . U

Corollary 6.7. Let n € N. Assume that d € T satisfies:
1. If r € ® then d(e,) = A\, where \I' # 1.
2. If \" = \" thenr,s € T orr,s € &~

Then d € T,,.

Now that we have a sufficient criterion for an element to belong to 7}, we want to
show that a high proportion of the element of T" belongs to T,,.

6.4. Automorphisms of Chevalley groups. The chevalley group G, has trivial
center so it is isomorphic to the inner automorphism group and we shell identify
these two groups. In general, G, has a non-inner automorphisms which we shell
now describe.
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Let 7 C Aut(£,) be the group consisting of automorphisms which have the el-
ements of the Chevalley basis as eigenvectors and act as the identity on Eg. The

group T is abelian, has exponent ¢—1 and contains 7. In addition, T normalizes Gy,
so conjugation by its elements induces automorphisms of G,. The automorphisms
which are induced in this way are called diagonal automorphisms.

The second set of automorphisms are the graph automorphisms. These automor-
phisms arise from symmetry of the Dynkin diagram of II. Since p is a prime greater
than 3, the only Chevalley groups which have a non-identity graph automorphism
are of type A; for [ > 2, D, for [ > 4 and Eg. We consider each case separately.

Type A; with [ > 2: In this case there is only one non-identity symmetry of the
graph. The symmetry sends r; to r,_; for 1 < ¢ < [. The graph automorphism ¢
associated with this symmetry has order 2, it preserves T" and it satisfies a;(d,, ;) =
dr_,pfor 1 <i<landteF,.

T T2 -1 7
—O0—0

FI1GURE 1. Dynkin diagram of type A;.

Type Dy: For every o € Sym{1,2,3,4} with o(1) = 1, there is a graph symmetry
which transform r; to r,;). The graph automorphism J, associated with this sym-
metry has the same order as o, it preserves 7" and it satisfies d,(d,,+) = d for
1§i§4andt€]F;.

To(i),t

F1GURE 2. Dynkin diagram of type Dj.

Type D; with [ > 5: In this case there is only one non-identity symmetry of the
graph. The symmetry switches between r;_; and r; and leaves the other fundamental
roots fixed. The graph automorphism ¢; associated with this symmetry has order 2,
it preserves T" and it satisfies 0;(d,,+) = dy, ¢, 01(dy,_ 1) = dyyr and 0y(dy,¢) = dry_, 1
for1§i§1—2andt€]F;.

Type Eg: Also in this case case there is only one non-identity symmetry of the
graph. The symmetry sends r; to r5_; for 1 <7 < 5 and leaves rg fixed. The graph
automorphism ¢ associated with this symmetry has order 2, it preserves 7' and it
satisfies e(dy, 1) = dpst, €(dpyt) = dryy, €(dryy) = dryy and e(dyg i) = dypg ¢ for every
t ey
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1 T2 Ti—2
07

O 7

F1GURE 4. Dynkin diagram of type FEg.

The last set of automorphisms are the field automorphisms. Every ¢ € Aut(F,)
induces an automorphism ¢ € Aut(G,), which is called a field automorphism, such
that @(z,¢) := @) and @(d, ) = dy ) for every r € ® and t € Fy.

Lemma 6.8. Let ry,--- ,1; be the fundamental roots of ®. Denote d; :=d, ;- dy,
for everyt € F;. The set D :={d; | t € F;} is a subgroup of Gy which is pointwise
fixed by every diagonal, graph or field automorphism. Furthermore, the size of D is
p— 1.

Proof. All the assertion follows directly from the definitions expect the one about
the size of D. If s € ® then d,(es) = t™ses where mg := (hy, +- - -+h,,, s). Inspection
of the Dynkin diagrams of all root systems of rank [ shows that there is always a
fundamental root s such that mg := (hy, + -+ hy,,s) = —1 so dy(s) = t~'. This
implies the |D| =p — 1. O

Lemma 6.9. Fiz n € Nt and o € (0,1) and define D as in the above lemma.

There ezists a constant ¢ such that if p > ¢ and H is a subgroup of G, such that
D C H CT then |H,| > a|H| where H, :=={h € H | Zg,(h") =T'}.

Proof. Let rq,--- ,7; be the fundamental roots of ® and d; as in the above lemma.
It suffices to show that if p is large enough that for every h € H the number of
t € (IFy) such that hd; € H,, is at least a(p—1). Fix h € H and assume h(es) = A,e;
for every s € ®. If s € & then

hdi(es) = At e

where mg := (hy, +- - -+ hyy, s). Denote m := max |mg| where the maximum is taken
over s € ¢. Lemma shows then if t € F, then hd, € H, whenever the following
two conditions hold:

1. For every s € ® the product AIt"™ is different from 1.
2. If 51 € @ and s, € @ then A} t"s1 #£ A "2,
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If s € &t (s € &) then s is a linear sum of elements of IT where all the coefficients
in this sum are non-negative (non-positive). In addition, the scalar product of any
two distinct fundamental roots is non-positive and s can not be orthogonal to all
the fundamental roots. Hence, if s € ®* then m, < 0 while if s € ®~ then m, > 0.
Thus, for s € ® the number of ¢ € F; which does not satisfy condition 1 is at most
nm. Similarly, for s; € ®* and s, € = the number of ¢ € F; which does not satisfy
condition 2 is at most 2nm. Therefore, the number of ¢ € F; with hd; € H, is at
least

(b — 1) —nm|®| - == |0P
which is greater than «(p — 1) for large enough p. O

The following is a first step to verify condition 2 of Proposition [6.4]

Corollary 6.10. Let n € N* and o € (0,1). There exists a constant w such that
for every p > w and every p € Aut(G,) the following holds:

If p stabilizes T and pointwise fizes D then |T),,| > a|T,|. In particular, this it
true for p which is a product of field, graph and diagonal automorphisms

We close this subsection with a further discussion about automorphisms. As
before let p be a prime number greater than 3 and let ¢ := p* for £ € NT. The
group G is simple and we regard it as a normal subgroup of its automorphism
group. Every automorphism of G, is a product of the form ¢nke where ¢ is an
inner automorphism, x is a diagonal automorphism, n a graph automorphism and
¢ is a field automorphism. In Subsection we will need a bound on the order
of pnk so we investigate this product. Graph and field automorphisms commute
and both normalize the group of diagonal automorphisms T, q- Hence, the order of
¢nk is bounded by the product ord(y)ord(n)ord(k) since the group of diagonal
automorphisms T is abelian. Thus, it is enough to bound the order of ¢, n and &
separately. The order of a graph automorphism is at most 3 while the order of a field
automorphism of G, divides k (since ¢ = p*). However, a diagonal automorphisms
can have arbitrary large orders if p is large. To overcome this problem we note that
T C T so in the presentation of an automorphism as a product pnkt the diagonal
automorphism x can be replaced by others automorphisms of the coset KT. We need
the following group theoretic lemma:

Lemma 6.11. Let G be a finite group which contains a normal subgroup H. Then
every coset of H is G has a representative g such that every prime divisor of ord(g)

also divides |G : H].

Proof. If p is a prime which does not divide |G : H] and ¢ is a power of p then the
set R := {¢? | g € G} contains a representative of each coset. If in addition ¢ is
large enough then p does not divide the order of any one of the elements of R. [
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The index [T : T] depends on the type of the root system and the field F, and it
is as follows:

A B, D Gy Fy Es E; Eg
ged(l+1,g—1) 2 2 (4,¢—-1) 1 1 ged(3,gq—1) 2 1

Lemma 6.12. Let k € Nt such that ¢ := p*. If £ € Aut(G,) then there are: a
field automorphism ¢ , a graph automorphism n, a diagonal automorphism k and
an inner automorphism ¢ such that & := @nke and the order of = pnk divides 6kz
where z divides ¢ — 1 and every prime factor of z divides 6(1 + 1).

Proof. The above discussion implies that it is enough to show that £ can be written
in the form £ = npke such that z := ord(k) satisfies the required properties. The
order of the elements of T' divides ¢ — 1 and Lemma shows that x can be chosen
such that the prime factors of its order divide [T : T]. The above table shows that
the primes which divide [T": T] also divide 6(I + 1). O

The point of the Lemma is that for a given r € N* there is a suitable
arithmetic progression (a + bj);eny with coprime a and b such that if ¢ = p* where
k < r and p is a prime which belongs to the arithmetic progression then the product
¢nk has bounded order.

6.5. Steinberg groups. Assume that ® has a non trivial symmetry of the Dynkin
diagram, i.e, @ is of one of the type: A; for [ > 2, D; > 4 or Eg. Let o € Aut(G)
be the graph automorphism associated to such a symmetry, then ord(«) = 2 unless
® is of type D, where it is also possible that ord(a) = 3. Assume ¢ = p* where
k € Nt is divisible by ord(«) and let /5 be a field automorphism with the same order
as « (recall that the automorphism group of F,- is cyclic of order ). Let U,(V) be
the subgroup of the unipotent group U (V') of the elements fixed by 7 := af. The
Steinberg group G of type ® over F, is the subgroup of G, generated by U, and V.
The group G7 is fixed by 7 but it can be properly contained in the subgroup of fixed
points. Note that for p > 5 the Steinberg groups are only defined when the root
system 1is of type A; for [ > 2, D; > 4 or Eg and there is a field automorphism of
[F, of the same order as a non-trivial graph automorphism. If ® is of type different
than Dy, then there is just one non-trivial graph automorphism and its order is 2, so
G, is uniquely defined and ¢ is a square. On the other hand, if the type is D4 then
there are 3 non-trivial graph automorphisms of order 2 and 2 graph automorphisms
of order 3. However, it is easily verified that up to isomorphism the Steinberg group
depends only on the order of the graph automorphism. Thus, if 6 divide k£ and
g = p* the symbol G, can represent two different Steinberg groups. This will not
cause us problems since both groups share the properties we are concerned with.
A common notation for the Steinberg groups is 24,(¢%), 2Di(q*), ®*D4(¢*) and
2Fs(q?) where for instance 2Dy(¢?) is the Steinberg group corresponding to the
graph automorphism of order 3 of G 3. We prefer not to use this notation since our
arguments does not depend on the type of the root system. On the other hand, our
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arguments will depend on the fact that the Steinberg groups are subgroups of the
Chevalley groups and the symbol G emphasis this.

Let G} be an Steinberg subgroup. Define 7" := T'N G, and N* := N N G} where
T and N are the subgroup of G, defined above. The proof of theorem 13.7.2 in [Cal
shows that D is a subgroup of T* where D is defined in Lemma [6.8 If p is large
enough then Corollary shows that D contains an element whose centralizer is
T, so T" is a maximal abelian subgroup of Gy. In turn, Lemma implies that
N* = Ng:(T*). In particular, we have [Ng:(T7™) : T*] < [N : T] = [W(®)| where
W (®) is the Weyl group of .

Next, we want to discuses the automorphisms of the Steinberg group G (see [St]).
The group Gy has a trivial center (since p > 5) so we can view it as a subgroup of

its automorphism group. The group of diagonal automorphisms T* of G, consists of

the restrictions of the automorphisms which belong to T and stabilize G- Note that
diagonal automorphisms of G}, fix 7™ pointwise. The field automorphisms of G are
the restrictions of the field automorphism of G, they also stabilize 7. Lemma
gives an analog of Corollary [6.10}

Corollary 6.13. Let n € N and a € (0,1). There exists a constant ¢ such that
for every p > ¢ and every p* € Aut(G?) the following holds:

If p* stabilizes T* and pointwise fizes D then |T. | > a|T.|. In particular, this
1s true for p which is a product of field and diagonal automorphisms.

As for Chevalley groups, every automorphism of G is a product of the form pre
where ¢ is an inner automorphism, x is a diagonal automorphism and ¢ is a field
automorphism (there in no need for graph automorphisms). Note that this fact
does not follow directly from the equivalent fact for Chevalley groups and requires
a sperate proof which can be found in [St]. The index of 7™ in T™* is given in the
following table:

2Al(q) *Dy(q?) *Da(¢®)  *Ee(q?)
ged(l+1,qg+1) ged(4,¢  +1) 1 (3,g+1)

We get an analog of lemma [6.12}

Lemma 6.14. Let k € Nt such that ¢ = p*. If € € Aut(Gy), then there are: a field
automorphism ¢ , a diagonal automorphism k and an inner automorphism ¢ such
that £ :== @kt and the order of u* := @k divides kz where z divides ¢ — 1 and every
prime factor of z divides 6(1 + 1).

With the notations as above, we conclude:

Corollary 6.15. Let d € NT and fiz a prime number m. Assume that p is a large
enough prime which belongs to the series (a + bj)jen and ¢ = p* for k < d where
a =1+ 6m(l + 1)2d"* and b := 36m*(l + 1)*d!*. Then for every £ € Aut(G,)
and every £ € Aut(G}) there are « € Inn(G,), * € Inn(G}), p € Aut(G,) and
w* € Aut(Gy) such that:
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&=L and & = k.

w(T) =T and p*(T*) = T*.

. both v and p* pointwise fix D.

m divides the order of D.

. ord(p) and ord(u*) divides 216(1 + 1)3d!*.

Proof. Fix ¢ and ¢* and assume that ¢ = p* for k < d. Lemmas and show
that we can find + € Inn(G,), «* € Inn(G7}), p € Aut(G,) and p* € Aut(G) such
that conditions 1,2,3 hold and the order of u and p* divide 6zk where z divides
q — 1 and every prime factor of z divides 6(/ + 1). The above arithmetic progression
implies that

=W N =

ot

q—1=7p"—1=6mk(l+1)%d"?* (mod 36m2(I +1)*a").

Thus, z divides 6mk (L + 1)%d!? so it also divides 36(1 + 1)3d!*. Tt follows that ord(u)
and ord(p*) divides 216(1 + 1)3d!. Finally, the size of D is p — 1 which is divisible
by m. O

6.6. Powers in extension of finite simple Lie groups. The main goal of this
section is to prove Theorem below. We start this section with a general discus-
sion about powers in extension of finite groups. Let H be a finite group. Let G be
a normal subgroup of H with trivial center. Let K be a coset of G in H. Our goal
is to bound the size of {k™ | k € K} for some m € NT. Fix some k € K and let
¢ € Aut(G) be the automorphism induced by conjugation by k. Then

{E™ [k € K} = [{(90)™ | g € G}

where in the right side G is viewed as a subgroup of Aut(G) . Hence, we only have
deal with groups of the later form, i.e the case where H = Aut(G).

Next, we focus on the case G = S” where S is a non-abelian finite simple group
and r € NT. Every automorphism ¢ of the direct product S” is of the form:

(6) g(sla"' 7ST> = (61(80(1)>7”' 7§T(SU(T)))
where &,--- & € Aut(S) and o € Sym(r). Every permutation is a product of
disjoint cycles ,say, o is a product of k£ cycles of lengthes 71, - -+ ,r;. By renumbering

the copies of S™ and using the isomorphism S" ~ S x - .- x §™ we can assume that
there are ¢; € Aut(S™) and §;; € Aut(S) for 1 <i <k and 1 < j <r; such that

C(§17 T 737/6) = (C1(§1)7 T ka(gk))
and

Cz‘(Sz‘,h T ,Si,ri) = (&,l(si,ai(l))7 T afi,ri(si,ai(n)))
where 5, = (s;1,- -+, Sir,) € S and 0; = (r; ;-1 ---2 1) € Sym(r;). Note that if

H{(53:G)™ | 31 € S™} < c|S|™
for some constant ¢ > 0 then also

{(5O™ [5€ 5} < ST
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This allows us to restrict to the case where ¢ is a cyclic permutation.

Finally, let ¢ € Aut(S") as in equation @ where ¢ is the permutation (r---1).
Denote x := (p1,p2, -+ ,pr) € Aut(S") where p; :==¢;---& for j > 2 and p; = id.
Conjugation by x allows us to replace ¢ with x~!(y, i.e. to assume that we have
o= =§ =1d

The main theorem of this section is:

Theorem 6.16. Let d,l.r € N* be constants. There is a constant ¢ € N* such that
for every number m > 2 the following claim holds:
Let p be a prime which belongs to the arithmetic progression (a + bj);>. where
a:=1+6m(l+1)%d"* and b := 36m>( + 1)*d!*.

Let T' be a finite group with a non-trivial normal subgroup A. Furthermore, assume
that A is isomorphic to a product of at most r finite quasi simple groups of Lie type
(not necessarily of adjoint type) of rank at most | over exstensions of F, of degree at
most d. Then for every coset W of A the following inequity holds:

1
m Ul <(1-— \J
" 1gen< (1 o )

where n = 216(1 + 1)3d!* and C; is the mazimal size of a Weil group of rank .

Proof. We start with some reductions. The group A has a subgroup N normal in
[ such that A/N is isomorphic to a product of isomorphic finite simple Lie groups
of adjoint type. We replace A with this quotient. We focus on the case where the
finite simple Lie group is an Steinberg group G, of type ® over [, with ¢ := p? and
A = (G})". The proofs of the other cases are similar. Furthermore, we can assume
that m is a prime number.

Define n = 2167 (1 + 1)3d!*. Corollary allows us to choose a constant ¢ such

1
that if p belongs to the above series then |Ty-,| > 27|T)+| for every pu* € Aut(G})
which stabilizes T and pointwise fixes D. We can further assume that c is large
enough so that T* is a maximal-abelian subgroup of G and Ng . (T*) = N*.

The discussion before the proof shows that it is enough to deal with the case
I' = Aut(A) and ¥ = AC* where

(s, 80) = (§7(sr), 81,0+, 8r1)

for some §* € Aut(Gy). Corollary allows us to replace ¢* with some represen-
tative of AC* such that the new representative, still denoted by (*, stratifies

C*(Sb T 787") = (N*(ST>7 Sty 7ST—1>
where p* € Aut(G}) satisfies conditions 2, 3, 4 and 5 of that corollary. This implies
that the order of (* divides n.

We are in position to verify that the requirements of Proposition [6.4L The group
T := (T*)" is a maximal-abelian subgroup of A and its normalizer is N := Ny (T) =
(N*)". In particular, [N : T] < [W(®)|". Note that Ty- gra(cey 2 T¢= 1 since ord(¢*)
divides n. Thus,
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o T ora(ery| = 2| T since Tp- = (T),+)" and Tesyy = (T )"
e m divides the order of TC* since it contains the subgroup D" and m divides
| D.
Proposition together with the last two points shows that

H{g" | ge v} < (1__Zgﬂiéz5ﬂ?>’w’

where ¢, is the number of elements of 7' such that their orders divide n. However,
T = (T*) € Tr C 17" ~ (F;)" where F; is the multiplicative group of [, so
c, < n”. ]

The next Corollary is stated with the notations of Proposition [3.7]

Corollary 6.17. Forn > 2 every there is a constant ¢ for which the following claim
holds:

Let T' be a subgroup of GL,,(Q) such that its Zariski-closure is semisimple. Let
k € Nt be large enough and let 2 < m < k?. Then there are two coprime natural
numbers 2 < a,b < k% such that for every prime p which belongs to the arithmetic
progression (a+bj)j>1 and every two coset C, D € T, /A, the size of {g™ | g € D}INC
is at most (1 — c)|A,|.
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